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R AEXLUNTORESEDELE LvDd]
FRE 1
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Poisson A1E=

(BVP) Poisson AN DF R Dirichlet I5 5 ERE
EZSNEBEE = f(x,y) IKHULT, REFLIBE v=1u(x,y) ZKD&L :

o*u  u
ﬁ+67)/2:_f’ (X,y)EQ, u=0, (X,y)Er:aQ
NS
=Au

I

Q FFEADESE
=00 IXZDiER

ERO—D., THELIEBMEBRT ICBEWEIR>THS. BEICHF =1(x,y)
ZMAIH, BREIESERTIN? BE, BE. ..




Z 45 [IRE, Euler-Lagrange A2, $H 2 WIIFBEHEN
(VP) Z-43 8 (RASEE VLRI

veV, Ju)= Vmei‘r}J(v). [J(v) = %//Q (vi+v) dxdy—//Q fv dxdy]

(W) 3359 158 (Euler-Lagrange) [/, %W\ (BVP) D

ueV, // (uxvx + uyvy) dxdy = // fv dxdy (Vv e V).
Q> Q

=Vu-Vv
ZZT, ROBBEFAZHRALTWS.
V = Hi(Q) = {v € L3(Q) | v, w € L(Q), vIr = 0}.

o VIIRDATEE /ILLEEZT Hilbert 22/
(u, v)v://(uxvx+uyvy> dedy, [Ivllv = Vviv)v
Q

e V=G Q) D -|lv Ik BFEREE. [Cs°(Q) = {p € C=(Q) | suppo C Q}]
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(EBERIE & Poisson 12X
eI
(VP) & (W) REMELRETS 3,

EIE

(W) IEld, HE—DENFET 3.

EE

QDR BHENBRET, F BTHTBESHES, (W) DR

ue C3(Q)N C(Q) &fD, (W) DRIT Gauss—Green DARZHEAT S & T,

//Q(—Au + )b dsdy =0 (Vo € C5°(Q)

%Z18%. I4bB5, ulid (BVP) DEELES.
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GalerkiniEfl (1/2)
nBERBELT, VHS—RIBIBEEDI 61, ¢2,..., 6, BED,

u(x,y) = Zumkxy v(x,y) ZCMMXY
DO ZRETS. chid, 6EBAELTHS. chz, (W) OR
ueV, //QVU-Vvdxdy://vadxdy (Vv e V)
ARATBE, u=(u ... u,) KHTBEI—RAER

(%) Au=f
MHEshs. kL

fi au - A fi = // foi dxdy,
F=li] A=
f, A -+ am ajj —/ V¢; - Vi dxdy

12/54



Galerkin ifLl (2/2)

(W) 5=
ueV, //Vu Vvdxdy—//fvdxdy (Vv e V).

=a(u,v)

(G) Galerkin 3Ef}l. V, = Span{¢1,..., ¢} C V (BBRRITERSTZEM)
Un € Vi, a(un, vn) = L(va) (Yva € Vi).
fhiRE
EHHE |a(w, v)| < |lwllvivlv, BBEX a(v,v)=|v][} (w,veV)
o Galerkin E3ZM: a(u— un, vs) =0 (Vv, € V).

o Céa OWE (REELUME): [lu—urlv = min u—vallv.

lu—unll¥ = a(u — tn, u — un) = a(u — tn, u — Va)+a(u — tn, Vo — u)

<l = unllv]u = vallv.
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BRERE (FEM)

BRERIZE (finite element method, FEM) T,
e QZE=AF (=FER, element) ICFEIL
o V DEERH ¢;(x,y) ZARD &K SITESR

CD&ESILTTE 5BHHZER

V, = {QTCERKT
E=AkOLT—RZER, I £T0}
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AREREDHRE

R. Courant: Variational methods for the solution of problems of equilibrium and
vibrations, Bull. Amer. Math. Soc. 49 (1943) 1-23.

As Henri Poincaré once remarked, solution of a mathematical problem is a phrase
of indefinite meaning. Pure mathematicians sometimes are satisfied with showing
that the non-existence of a solution implies a logical contradiction, while engineers
might consider a numerical result as the only reasonable goal. Such one sided
views seem to reflect human limitations rather than objective values. In itself
mathematics is an indivisible organism uniting theoretical contemplation and
active application.

This address will deal with a topic in which such a synthesis of theoretical and
applied mathematics has become particularly convincing. - - -
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Appendix of Courant 1943

negligible amount of numerical labor S$=.339 and ¢=—.11. A re-
fined attempt with the function

¢ =a(1 = D[t + a(= - 3/4)y]

yielded S=.340 and ¢ = —.109 with little more labor.

These results were checked with those obtained by our generalized
method of finite differences where arbitrary triangular nets are
permitted. The diagrams are self-explanatory. Unknown are the

S
©

Fi6.2 Fic. 3

net-point-values u;, (c=wo). In the net-triangles our functions were
chosen as linear, so that the variational problem results in linear
equations for the u;. The results, easily obtainable, were: case (a)
with two unknowns: S=.344, uo=—.11; case (b) with three un-
knowns: §=.352, uo=—.11; case (c) with five unknowns S=.353,
o= —.11; case (d) with nine unknowns, corresponding to the ordi-
nary difference method S =.353, ug= —.11.

LA UL, ZOFEDPRENLGFEEUVUTCRESINDICIE, SFEHER QY
Ea—%) 0EFeFREBRS B I
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st &l

—Au=(2—x)"+ (10 - y)2, (x,y) € Q
u=0, (x,y)eoQ.
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BRERZEDIR
(W) SRR
ueV, a(uv)=L(v) (YveV).
(FEM) V, ="P1 BRERZM" c V
up € Vi, a(un,va) = L(va) (Yvih € Vi).
ZDEE, Céa DFEREICED,

IV = un)lliz@) = llu — unllv = min {lvs — ullv
BEEFNTH S, E5IC, IMMEREEDERTHAN S >fcL ST, RHBMSNTWS,

IR
ZARSE (DFF) IKHTHEHBREEDEET, ||V(u— un)lli2@ — 0 (h— 0) HBED
D, &XKIE, ue H(Q) 25,

IV (u— un)lli2@) < Chlulpzq)
DREDIID. E5IT, QHBOZATESIE,

lu = unllizqay < CHJulieqey
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(&< HB) #HiEH (1/2)

BlEE
Q=(0,1) x (0,1), u(x,y) = sin(wx)sin(wy), f(x,y) = 2% sin(mx) sin(my).

X=V, [2(Q)IKMULT, Errx = ||u— up||x &£&X.
(log h,logErrx) Z70Y hUT, ERDEZED o B5IE,

Errx = Ch®

HREBMICHERTELI LICRS.
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(k< 53) HIEG (2/2)

ElEWZ, COBRZESEHBICHETSIN? Myu="7, EAD u D Lagrange "
EULT, Errx ORDODIC, Exp = ||Nyu — up||x ZSHELTHS.

. B//f
/

0.001 E{ ﬂ 0.001 /
/ e g e
L2Emr
0.0001 L 4 0.0001
0.01 0.01 0.1 1

0.1 1
log (h) log (h)

AYIT Exp ZES

log (Error)

log (Error)

ESIEMVAY Y 1 EEST,
gfine = |nfirey — nfireu, |« 26>
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ERMAEXDREFREME
Q BRFEROERLBRIHTH 3.
ERNAEROEFERRE
Au=finQ, u=Au=0o0nT=0Q (P)
o o ?

2
ERNERE A = AN = p +2W + oyt

EE (MEOES) : Stokes FEADB D IBRERMRE

—Au+Vp=Ff, V-u=0 in Q,
u-n=0, Tr(u)=0 on I =0Q.
QBSAETRS, FNBEH o= o(x, y) & (P) Z@is
_ 99 __0%
Ty T o

EE B3O OYENLEKIZSH & THEAT 3.
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G517
B

Findue U st // (Au)(Ag) dxdy = // f¢ dxdy (Vo € U). (WP)
Q Q
U= H2(Q) 1 HE(Q) = {v € L2(2) | Vi Yy Vas iy Yy € L3Q), vir = O,

AR a(u,0) = [[o(Au)(Ag) dxdy 1&, U TEmMDRER.
EE. H2(Q) = {v € L2(Q) | vx, vy, Vi, Vays vy € L2(Q)} 1, AITE
(U, V)mz(@) = (U, v)iz@) + (Vu, Vv)2(q) + Z (9i9ju, 0i0;v)12(q)
ij=1,2
Z{@A fc Hilbert 22/, U & H?(Q) DRSS 2.
FE KIEFEBAULLPLBERERZER V, F V) ¢ UBDTEZLZRL,
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T EtERE
SRR

{ Av=finQ, v=0onT,

Au=vinQ, wu=0onT. (Q)

AR vEHETSE, (Q=(P);, —AT, v=2Au&&LE, (P)=(Q).
(Q) I&, 22® Poisson ARRICMBESEWDT, EIFEERLEPLERZHVL
IBRERETHS ZEDHTES.
Bl 1
e Q=(0,1)% IEFF
o f=exp(—((x = x0)* — (¥ = %)), x0 = 0.5, o = 0.5

5 2
e : L-shaped domain
(070) - (07 1) - (_17 1) - (_17 _1) — (1v _1) - (LO)
o f=exp(—100((x — x0)> + (¥ = ¥0)?))), X0 = —0.5, yo = 0.5
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DG EIC & Bf%%
LHL, ESULTHTOMEZZDEEMERV, EWSIBRIKIE, TEGERER
(DG) EIL L ZEBENFIFATE 3.

DG ED5HHR
Find u € W = {v € L*(Q) | v|x € H*(K) (VK € T3), v|r = 0} s.t.

> /K(AU)(Afb) dx+ Y (/eh%[[w]mw]] ds

KeTy eGSLnt

_ / (AuY[Ve] dS — / [Vul(Ad) dS) - /Q fé dx Vo e W.

FefeU, (u)y=3(w"+u7), wl=w"-n"+w -n".
COESICERELTHEL &, ARERE UTRER P2 EXR
Wi = {vi € W | vi|x € P*(K) (YK € Th)}

HFIFATES. ZLT, FEnCS THBIIKRTTES:
http://fenicsproject.org/documentation/dolfin/dev/python/demo/
documented/biharmonic/python/documentation.html
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fiiRE
SETODET, BhLBEZ3dEah>7=h?
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LbBR: 9 BEREL vs. DGiE  IEA

RBW&ESE....

32/54
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R&E

o NEEMREIF, (Q) ZELLBLTWS (GELERIE h— 0 TIRLTWS. ¥
FRICERHTES)

e DGiER, (P)ZIEELLEBVWTWS GELEREF h— 0 TIWERLTWS, HZE
HICEERAH TE )

e (P)® (Q) BEFEMITIE well-posed TH S, (BUEERICEIRD S 5 [HRE)
e “(P) & (Q)HMAMETHS" I3, FIFEDEETHD. RIF,
QDOZAETORICIK, FEICRS.
QICECDAEDHBIFAICIE, (—HRITIF) FEIBEDFEWV,

CEEHFMNICTIEATE 3.

&ML S. A. Nazarov and G. Sweers: A hinged plate equation and iterated
Dirichlet Laplace operator on domains with concave corners, J. Differential
Equations 33 (2007) 151-180.
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€E : W& (P) & (Q) BLUVZDFHHN

A’u=finQ, u=Au=0onT=09Q (P)
BERIE, U=H*>(Q)NH(Q) &BWT,

veu, / /Q (Au)(Dg) dxdy = / /Q fo dxdy (Vo € U). (WP)

Au=vinQ, wu=0onT, Av=FfinQ, v=0onTl (Q)
BERIE, V=H(Q) EBWT,

u,vevV, —//VU-V¢dxdyz//vqﬁdxdy7
Q

_//vi-w dxdy:// fo dxdy (Vo€ V). (WQ)
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Poisson A2 DEED 1E Al

ROIEAME. FBD Fc *(Q) IKRUT, Poisson ARRRDFEHR
ueV=H(Q //Vu ngﬁdxdy—/ f¢ dxdy (Vo € V).

ICIF—BRME v BEET S (ShIFBEE) . E5Ic, Qb C BOEFRER, £, O
ZARESIE,
u € H(Q), llull 2 < Clifll2@)
&3,
QIEMDAELSHBBEICIE, udg HX(Q) &35 f e [2(Q) BMERICEET 3.

o C' MOEREHDES : ZEDRHUEDAERFBDOTF AN, Brezis, Evans £ &E
o MZATDIZE : FIZIE,

e P. Grisvard: Elliptic Problems in Nonsmooth Domains, Pitman, 1985.

e P. Grisvard: Behavior of the solutions of an elliptic boundary value problem in
a polygonal or polyhedral domain, Numerical solution of partial differential
equations, Il pp. 207-274, Academic Press, 1976.

o A. Kufner and A. M. Sandig: Some applications of weighted Sobolev spaces,
Teubner Texts in Mathematics 100, Teubner Verlagsgesellschaft, 1987.
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BE, RE

ue U= H(Q)N H(Q), //Q(Au)(Ad)) dxdy = //Q fo dxdy (Vo € U).  (WP)

uveV= HO // Vu-V¢ dxdy = //qu dxdy,

_//vi.w dxdy:// fé dxdy (Voe V). (WQ)

o (WQ) DR (u,v) B u e HX(Q) THBRS, Fhb (WP) £#T I EHTES.
— $=0% e (Q) EBRNIERWV!
o ODEARDESE, RIEIC, ve H(Q) &&D

o LML, QB L BSEIORE, —MRICiE, (WQ) DEE (u,v) IF u ¢ H(Q) THD,
(WP) DFEICIETE DB,
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Fl:ﬁ %A HEHER ﬁ:ﬁ EA' avEa—4 ;&ﬁgﬁg

HEDEBICE>TRELIEWVWED, HDHWVWIE, REFETETCWBHBER->TWSD
DH, FYICKRFTETVWBINIEPR I ETREL, BHENBERZHRET
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CDEDINFRY IR

e M. Sh. Birman, Three problems in continuum theory in polyhedra, J. Math.
Sci. 77 (1995), no. 3, 3153-3160;
The original Russian version is published in Zap. Nauchn. Sem.
S. Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 200, (1992) 27-37

e V. G. Maz'ya, S. A. Nazarov and B. A. Plamenevskii, On the bending of a
nearly polygonal plate with freely supported boundary, Soviet Math. (lz.
VUZ) 27 (1983), no. 8, 40-48;

The original Russian version is published in Izv. Vyssh. Uchebn. Zaved. Mat.
1983, no. 8, 34-40.
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BEDE =
ZTTHRUCIER, N

E(u) = //Q E(Au)z + (1 = 0)(tsy — 2usxtryy) + fu| dxdy

ZU={uveH(Q)|v|r=0} TRIMLT ZHBEERMETH S (0 < o < 1/2 IF Poisson
ib). OEMICE, BOWFROBZEEL THA f 25X TBROFEREBZERDB LI
ML TWS, Zhlid,

Au=finQ, u=Au+(1—o)ku,=0o0nT

& Al IERB. kIET OETHS. LD >T, THF->ITSBED v C I T,
BREMHIF u=Au=00ny &K3S.

EEEERRE

FLYF, ATREGREDVDEICLGS. BESRHBSOL, “ELVWERFENLRERL"
ERHT, BE, CONFRYIRAZERTDILICBRBEERNSHDZSIE.

£%. T. Kato, H. Fujita, Y. Nakata, and M. Newman: Estimation of the Frequencies of
Thin Elastic Plates With Free Edges, J. Res. Nat. Bur. Stand. 59 (1957) 169-186
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HS5—D2DHE

BIICRDEBRZBANU. v Poisson AERRDEE, u, ZOEREREM
EH

SAERSE (DK KHTZELUBREDSEET, [V(u— un)]em — 0
(h—s 0) BREDIID. EXLIT, ue H(Q) B5IE,

V(u = up)ll2) < Chlulpe(q) (A)
DEEDIID., E5I, QWOZAELESIE,
lu = unlli2g) < Ch?|ul ey (B)

RERXNTZZEHARENTHS :
e EZTWS f e 2(Q)IERMUT, uve H(Q) THNIE, (A)DBDIID.

o —5T, EED (e [2(Q) KHUT, ue H2(Q) THIIE, (B) BRD I,
+— Aubin—Nitsche D!
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Poisson FENDFFEEE (1/2)

e w=km, 0< k<2 k#1
o Lipschitz 81 Q = {(r,0) |[0<r< R, 0<0<m/w}

—Au=f% ;:2(1 + w/w)w(r,0) (x,y)€ Q, u=0 (x,y) € oQ.
U, w(r,0) =r"/“sin(Z0) EBWTWS., ZODEE, #Fuld,
u(x,y) = B(r)w(r,6). o =1-(5)"]

o(r) I “BERLWY B,

<oo (0<w<m)

2 2 2
w||® < oo Vw||® < oo w
Wl < 00, VW] < o0, |m{m e

BOT, ue H(Q) TEHZHD0,

O<w<m = ucH(Q), T<w<2r = ugH(Q)
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Poisson FEEXNDFFERE (2/2)

H5DUHUKERTS. B5LLT, gEwikHULT,

HDBWHz def. /R Ro—26+1 <o (B< g +1)
° =0 (B2Z+1)

eBL R (wl® ~ [|ID°w?, [Vw]? ~ [|D'w]?, [wlie ~ [[D?w| DEHETES,
51T, S Sobolev ZH H*(Q) &, RBINRLERTNIE, wIit2WTE,

Iwll}is ) ~ lwlifa + 1D wi®.
TS,
B<I+1 = weH(Q)
B, m<w<or THBMD, §<3/2, BICEDID. Lkho>T, PEIES,

w e H/*(Q)
FRIESN 3.
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EREDIFE | Poisson AR DIFER L BRERANLL

Q Z%AH Q, TEBIL, Q, ETOPLIEEZE V, 2&

1.000000 23
0.100000 up € Vh, / VUh . VVh dXdy — // fv dXdy
o Q,
- 0.010000 ( Vvh E Vh.
% 0.001000 J:/Z( i & RRIC,
H1: ome=0.7pi gfme ”nfme - nﬁineUhHX7 X = Hé(Qh),L2(Qh)
0000100 HL: ome=1.5pi k
o 5 E70Y LT3,
0.000010 'Tz; ome-16h 5%
Y (MR, EEOELORELEEEELATNES

5730Y)
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© AYIFILD Babuska DINT RV I R
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Babuska ®/\Z K7 X : Babuska (1963)
(P) Q= B(0,1): Hulr0, ¥F1 DMK n _—

np
{A2¢ in Q, \
¢

¢ =0, 2= V(V¢-n)-n=0 ondQ
BIE, r=x2+y? EBWVT, \ /
Q

1 5
qb(X.,y) 64(r 71)("5*5)7 ¢(0,0):a
Qu: IE k B2 (BICA%)
(Px)
A2¢k =1 in Qk,
2
¢k =0, aa:%k =0 on 9

L UBAS, 6(0,0) - 634 (k — 00) 777
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IXxHBHUL

EIE, |6 — gkl — 0 ERFBESTRL,
ZDRHDDIC,

ok = Plleee =0 (k — o0).

Q)

A% =1 in Q,

=0, AYy =0 on 0Q

3 1 1 3
P(x,y) = a—&2+64 r, w(070)=@-

0% DEDT; LTI, ¢ =0 BDT,

2
A¢k:(ai>¢k+< >¢k
0
(3"k) s

—AT, HIN->EBERETRE, ZOLSHEFRR
(FEX D LT 7R,
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7s

(P)
{:[&2¢)—— 1 in §2,
02
n — Y e
| ¢ =0, o 0 onof
nhn
(Px)
A2¢k =1 in Qk,
O
Tl o2 =0 on 09
Q
(Q)

A2¢:1 inQ,
=0, Ap =0 on dQ
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Ivo M. Babuska (1926-)

72\ (Fzx1) £Fh
Professor at University of Maryland (1968) — University of Texas at Austin

Former students: J. Netas, Ch. Schwab, TEEtH (BEXE) ...

(Mathematics Genealogy Project Il 36 A)
Babugka-Brezzi DB (inf-sup &), Babutka-Aziz DFEIE, hp-version
FEM, ...

https://users.ices.utexas.edu/~babuska/babuska_homepage/photos.html
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FEH

o MEMOZUMZRILT BICIE, HBIELDINFA—FZNS < LTV LR
£, WERLTWS" CEZHENDEDN, RLEFNTEETHS.

o HEEDDLMBBEETORILEMTHS.
o BFHBIRIIAS H > e AHRLN.

e LML, fAhictEL, BANMAZROTVEDOHNZERKS TREWIFERLL, %
FHLRENLDORASKITHS.

52/54



SE R

e |. Babuska: The theory of small changes in the domain of existence in the
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