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Time discretizations of parabolic equations

Example: 0iu—Au=1fin Qx(0,T), uloa=0, ult—o= uo.

e The 6 method (forward Euler, backward
Euler and Crank—Nicolson, ...);

o Explicit/implicit Runge-Kutta method;
e Multi-step methods;

e Padé approximation
(rational approximation of ef2)

They essentially compute approximations at nodal
points t, = nAt.

(Thanks to K. Takizawa)

Discontinuous Galerkin (DG) time-stepping method
e Approximate functions are piece-wise polynomials in t;

e The method is well applied to Space-Time Computation Technique.
e The method is based on Lions' weak formulation.
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Heat equation
Q c R?: bounded domain with d >1, T > 0.

Given f = f(x,t) and ug = up(x), find u = u(x, t) such that

Ot — Au = f, xeQ, te(0,7),
u=0, xe€ 0, te(0,T),
u(x,0) = up(x), x € .

Approaches for the well-posedness:
e Several “classical” methods....
e Semigroup theory (G, analytical)
e Maximal regularity

e Variational method of J. L. Lions

linear vs. nonlinear

The following discussion remains valid for more general “parabolic” PDEs.

5/46



Weak formulation
o X ={vel?0,T;H)| v el20, T;H)}, Y=IL30,T;H) x L2
o WVIZ = 10evlizo, 7.1y + V0, g VIS = IValligo, 7y + IV2l?

e Remark. X C C°([0, T]; L?).
Find u € X such that

T T
/ / [(Oru)vi + Vu - V] dxdt+/ u(0)va dx :/ / fvy dxdt+/ UV dx
o Ja Q o Ja Q

=B(u,v) =L(v)
Vv = (vi,n) € V.

Lions’ Theorem

There exists a unique u € X and ||ullx < C(|Juoll + [Ifll 20, 7:H-1))-

e Standard proof. Galerkin approximation, Vy = span{gzﬁ,-},’-\’:1 C V and so on
e Alternate proof. Application of Banach—Nefas—Babuska's Theorem
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BRZERE /ILLGBE

Hilbert ZEf4
=@, (wov) = [ wov() b [l = (wow) = [ wix)? ox
Q Q
Ho = Ho(Q) = {w € L? | Vw € (L?)?, v|r =0},
d
(Vw,v\/)zfvw.vv dx=/Z(ajw)(ajv) dx, |lwla :/|Vw|2 dx
Q ol 0 Q
H™' = H™Y(Q) = [Ho] = {w: Ho — Rilinear | o(v)/||v|s < oo}

Ill-s = sup ﬁ”v(uvi (BB, (o) — o(v) LB )
vEHy o

L EZDOMAIZEM (L°) ZA—MRU, Gelfand triple & Z3 :
Hy < >~ (1) — H'  (BSHAHIRETER).
Bochner ZEf X =L[2 H}, H!

.
verr0,TiX) 4K it :/ VI dt < oo,
0
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Jacques-Louis Lions (1928-2001)

http://wuw.breves-de-maths.fr/

“......I recall a remark of Jacques-Louis LIONS that a framework which is too general
cannot be very deep, and he had made this comment about semigroup theory; he did not
deny that the theory is useful, and the proof of the Hille—Yosida theorem is certainly
more easy to perform in the abstract setting of a Banach space than in each particular
situation, but the result applies to equations with very different properties that the

theory cannot distinguish......" (L. Tartar: An Introduction to Sobolev Spaces and

Interpolation Spaces, Springer, 2007; page XIV)
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Banach—Necas—Babuska Theorem

o V: (real) Banach space; W: (real) reflexive Banach space

; a(v,w
e a: bilinear formon V x W, |4 o sup (v, w)

——————— < 00 bounded
vevwew [IVIlv - [lwllw

Theorem BNB
The following (i) , (i) and (iii) are equivalent.
(i) For any L € W', there exists a unique u € V s.t.

a(u,w) = L(w) (Yw e W).

(ii) The following (BNB1) and (BNB2) hold:

. a(v, w)
38 >0, inf sup ————— =3; BNB1
B0 I 38 Tl Twlhw —
weW, (VweV, alv,w)=0) = (w=0). (BNB2)
(iii) The following (BNB3) holds:
. a(v,w) . a(v,w)
38 >0, inf sup ————— = inf sup———— = /. (BNB3)

veVwew vivilwlw — wew ey [Iviiviiwllw —
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Remarks

A priori estimate

wew ||W||W

u € V: the solution = |luljv < %HL”W!. L] w = sup L(w)
Alternate expression of (BNB1)
98>0, infsup 2" 3 (gNBY

veVuew [Vivilwlw —

is expressed as

38> 0, a(v,w)

sup > Blvilv (Vv € V).
weW HWHW

Alternate expression of (BNB2)

weW, (VveV, alv,w)=0) = (w=0) (BNB2)
is expressed as
sup |a(v,w)| >0 (Ywe W,w #0).

veVv
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Long history....

As for the naming of “BNB", | follow Ern & Guermond 2004, FEM book
Other namings: Generalized Lax—Milgram, Babuska—Lax-Milgram, .....

In Ern & Guermond 2002, they called it Neas’ Theorem

Necas 1962, 1967 “(iii) = (i)" and “(ii)’ = (i)", Hilbert space
Babuska 1971 “(iii) = (i)", Hilbert space
Babuska and Aziz 1972 “(ii) = (i)", Hilbert space
BNB theorem is a re-phrasing of OMT (CGT) and CRT of Banach.

Brezzi 1974 “(iii) < (i)", Hilbert space
Rosca 1989 “(ii) < (i)", Banach space

Application (or another origin): Mixed finite element method.
Brezzi 1974, Kikuchi 1973 (See Brezzi & Fortin 1991; Boffi, Brezzi & Fortin 2013)

Application: Proof of Lions’ theorem by showing (BNB1) and (BNB2).
See Ern and Guermond 2004. (Schwab & Stevenson 2009)
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Stefan Banach (1892-1945)

Born in Krakdw, ......

...... Around 1929 he began writing his Théorie des opérations linéaires.

...... In 1941, when the Germans took over Lwdw, all institutions of higher education
were closed to Poles. As a result, Banach was forced to earn a living as a feeder of lice
at Rudolf Weigl's Institute for Study of Typhus and Virology.

...... he died in August 1945, having been diagnosed seven months earlier with lung
cancer.

...... Some of the notable mathematical concepts that bear Banach's name include
Banach spaces, Banach algebras, the Banach—Tarski paradox, the Hahn—Banach
theorem, the Banach—Steinhaus theorem, the Banach—Mazur game, the Banach—Alaoglu
theorem, and the Banach fixed-point theorem.

https://en.wikipedia.org/wiki/Stefan_Banach
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Blow up
or

Regularity ?

et - U (ﬁ)

-\

Jind¥ich Necas (1929-2002) Ivo M. Babuka (1926-)

http://msekce.karlin.mff.cuni.cz/memories/necas/
https://users.ices.utexas.edu/~babuska/babuska_homepage/photos.html

“Mathematics Genealogy Project” https://www.genealogy.math.ndsu.nodak.edu/
e Babuska: Ph.D. 1955 Advisors: Eduard éech, Vladimir Knichal
o Nedlas: Ph.D. 1956  Aduvisor: lvo M. Babuska

Necas was the first Ph.D. student of Babuska.

http://www.karlin.mff.cuni.cz/memories/necas/
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Lions’ Theorem and BNB Theorem

Weak formulation of Heat equation
Find u € X such that B(u,v) = L(v) for all v = (v1, v2) € V.

Lemma

. B(w, v)
38 >0, inf sup ———— = f; BNB1
238 Twlllvl (e
ve)Y, (Vwex, Blw,v)=0) = (v=0). (BNB2)

According to Lemma, we can apply BNB theorem to conclude d1u € X and
l|lu|lx < C||L||y+ (Lions’ Theorem!).

How to prove (BNB1)? Set v = ((—A)™'0;w + puw, uw(0)) € Y for w € X and p > 0.
Then, for large 1, we can prove

Ivily < Gliwllx, — B(w,v) > G|lwl%
using
(g, (-8)7"g) > Glgli-1. I(=2) "¢l < Gllgllu— (g€ HT).

See Ern and Guermond 2004 or Saito 2017 (Notes on ...).
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Partition A, of J=(0,T)
e 0=to<ty<---<tn=T, Jp=(tnthr1], Tn=tar1— tn

e A ={Jy,....J n_1}, T= max T
T {07 ) } OSHSN—IH

CoUA H)={vel>®U;H)|v|, € CJ;H),0<n<N-1}

v = lim v(t), vl = v(tpi1)-

(=]
3
T

B

d
/
.

30---
-

a8
S
-
3

|
s
-
3
o
3
i5
-
kS

For integer g > 0,

S, =8SI(H,V)={veCA;H)|v|), ePI(J;V),0<n< N1}
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DG time-stepping method

dG(g) method
Find u, € S, such that

N—1
Z/ [(Ortur, v) + (Vur, VV)] dt + (u&,vOF) + Z:(u;"'+ —ul,v™t)
n=1
=B, (ur,v)
_ /(f, V) dt + (o, %) (v €8,
J

e Lasaint & Raviart 74 for ODE, Jamet 78 for PDE in moving regions
e See Thomée 07 for a derivation
e Hulme 72a, 72b --- similar DG methods
Lemma (Consistency)
u € X: solution of the heat equation, u, € S;: solution of dG(q)
= B-(u—u;,v)=0 (VveSs;).
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Remarks

dG(g) method: Supposing uf is given, we find u- in J, = (ts, tot1] by solving:

/ " (@etir, ) + (Vur, V@) + (u+ — ul, ¢™+) = / " 8) (V6 € PUn V)).

e q=0: Setu;|l;,=UforVUecV.

U—TnAuzu:+/f & u—AU:l/ﬂ
I a7 Tn Jy,

dG(0): backward Euler
e g=1: Set U7—|Jn =U+ U t;nt" for Uo, U e V.

(I—TnA)Uo+(I—%A)U1:uZ+/ f,
Jn
an 1 i 1

Th

Moreover, if f =0,

2 72 -t T
n+l _ _ = Tn a2 In no_ n
W= U+ Uy = (/ “ml+ A ) (/ +3 A) U = Rei(raA)d”

dG(1) ,f = 0: sub-diagonal (2,1) Padé rational approximation of e™*
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Previous studies

Lasaint & Raviart 74 dG(q) for ODE and analysis for 1st order PDE
e dG(q), f = 0: sub-diagonal (g + 1, q) Padé rational approximation of e™*
e dG(q): implicit Runge—Kutta, strongly A-stable of order 2g + 1
Jamet 78 Q(t), error estimates in L*(H') and L°°(L?)
Eriksson, Johnson & Thomée 85 error estimates in L°°(L?), super-convergence
Thomée 06 error estimates in L°°(L?), super-convergence
Eriksson & Johnson 91, 95 qg=0,1,
error estimates in L>°(L?), L°°(L*>) with log-factor
Chrysafinos & Walkington 06 error estimates using projections
Leykekhman & Vexler 16 best approximation in L% (L>) with log-factor
(Kemmochi 17 f =0, L>°(LP) error estimates, rational approximation)
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Norms (1/2)

luf, ) we i (1
2 2 0,412 . , 2
lul% 7.0 :EQXD@mwrww%]m+w+n+§; Tl — |
n= L n=

lullfe g "
B | w1
’ - n’
VI3 0= [ Wiy de P+ 304t b
HVH%;"T?# n=0 7/ JIn n=1 Tn
Recall:

N—1 N—1
B-(u,v) = Z/J [(Bru, v) 4+ (Vu, Vv)] dt + (™, vOF) + Z(u"’+ —u", V).
n=0 n n=1

Lemma (boundness)

Mollullxe -l vIly,-
lullers < llullxr < Nullarw [Br(u, V)] < 4 Miflullxersllvily, -z

Mo || ull 27 4| v[| 7.5
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Norms (2/2)

Il N-1 . v, ML »
o .
el o :Z/ lullfy de+ N>+ q =t plla™ 2,
Nl 4 n=0 7 9n = 7
VI - N-1 . i v, ML . ]
— n, n
vz -« :2/ [|\atv\|H,l+|\v|\H1] de+[VVIP+ DS Tt vt =R
2 0
v ill % - n=0 7 Jn n=1 Tn

An alternate expression of B-(u, v):

N—-1 N—1
B (u,v) = Z/J [—(u,0ev) + (Vu, V)] dt + (u, )+ (u",v" = v™7).

Lemma (boundness)

Mollullly~llvllx,-
elly, e < Mully,r < llullyrs 1B-(u V)] < § Millullly.rallivlllx.-z
Malllellly, = #lllv Il .-
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BNB inequalities and best approximations

Theorem A (S 2017)
For an integer ¢ > 1, dca, o > 0s.t.

. B-(w,v) - . B-(w,v) _
inf o sup ———————— = ¢y, inf sup ———————— = .
wesrves, [wllx - llvily.-% wesr ves, Iwllly.-#llvilx.-
For any w € S;, we have
1 B - 1 B —
W=t s < L sup BrlW—tmv) L Br(w—uvr)
aves, vellyrz aves, vellyrz

M:
< —w = ulla,re
a

Theorem B (S 2017)

Letting u € X: sol of heat equation & u, € S;: sol of dG(q) for g > 1, we have

M .
||U_UTHX,7' S <1+71) inf ||U_W||X,'r,*>
C1 weS,

v
= rllsr < (1422 i = w

%70
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Optimal order error estimates

The Lagrange interpolation I,v € P9(J,; Hg) is defined in a usual way for
v € L?(Jp; HY) N HY(Js; HTY). Using Taylor’s Theorem, we deduce

Lemma

Letting g > 1, then there exists an absolute positive constant C such that

v = lavll 2,0y < CT;”V(S)”LZ(J,,;U):
V' = () 20y < CT;_IHV(S)HLZ(J,,;U)

forl1<s<gqg+1andve H"(J,; U), where U= Hg,[*> H™'; C is independent of U.

Theorem C (S 2017)

Let g > 1. If u is suitably smooth , we have:

N—1 1/2
(Z [|Oru — af“THL?(J,,;H—l)) < a7t (||3?+1UHL2(J;H—1) + Ha?uHLZ(J;H(})) ;
n=0

1 1
sup |Ju(tn) — ur(tn)[l + [Ju— UTHB(J;H&) < ar?t ||81?Jr U||L2(J;H3)-
1<n<N
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Sketch of the proof of BNB inequalities (1/2)

(%) inf sup Br(w,v)

—q
wesrves. [wllx 7 llv|

V7.7

It suffices to prove, Vw € S-, dv € §; s.t.
(#)  Be(w,v) 2 Clwllk, and |v]ly,rs < Cllwllx,q
Indeed, v is given as v = IM(—A)"'d:w + pw with large 1, where

e Mo €S, for ¢ € L>(J; V) is defined as ¢, = (M¢)|,,, where

(6a)(t") =0, / (mX) dt = / (6) dt (¥x € P71 (U, V)

n n

® We have [[¢nl[124,,v) < ClI9lli2(,,v)-
Following the continuous case, we are able to deduce (#) using
(g, (=8)7"g) 2 Gliglti1,  I(=2)"gllw < Gillgllu-+ (g€ HT)

and

n n n, 1 n, 1 n 1 n, n
O =X = IR = SN+ S I =X (e Sn).
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Sketch of the proof of BNB inequalities (2/2)

B
(x%) inf sup r(w, v) =0
wesrves, [Iwlly,-#llvillx.r

The direct proof of () is apparently so difficult that we take a detour.
We apply the equivalence “(ii)<(iii)” in BNB Theorem.
That is, it suffices to prove

BT Ty VT
(a) do >0, inf  sup (wr, vr) = o;
vr€8- w,es, Iwelly,rallvelllx,-
(b) vr €855, (VWT €S, B‘F(W‘H VT) = O) = (V’F = 0)‘
In fact,

o (b) follows (x).

e (a) could be obtained in exactly the same way as the derivation of (x).

Q.E.D.
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o HAHERICHT S DG time-stepping FKICDWT, BNB Theorem ICEDW, T4
ERGRITEZETU. BYREEHLI,E TBHRDLSIC) KX, BRELVLTER
BRREFHENE SN 3.

o Ho&—RD, KEMICKEFT ZRBZHOHYERRBEICOWTS, BIFEHERI
2<RAULTHS. Saito 2017 (Variational ...) ZERBEI N\,

o FHBBULDH RS Teh, BIZIE, ZHRERZFRERETHIULL, £BHR
F—LZEZTH, KREMTOREREFMMHESNS. CDEE, RETIHED
FRIEDRETHDERBEETHS. Saito 2017 (Variational ...) ZEBInfcL,

o SHROERM :

o WRWBRAEHBEILE DEASLE ("TREM) OME)
o JEFR Dirichlet IHBREFMHICK T S Nitsche ;EOENEHREN (LEH)
o dG(q) EDHIEREBUAMLIE UTORER (R5F)

SE X

e N. Saito, Notes on the Banach—Ne&as—Babuska theorem and Kato's minimum
modulus of operators arXiv:1711.01533

e N. Saito, Variational analysis of the discontinuous Galerkin time-stepping method
for parabolic equations submitted arXiv:1710.10543
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Thank you for your attention!

This slide is available at http://www.infsup. jp/saito/

Graduate School of Mathematical Sciences
THE UNIVERSITY OF TOKYO
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B. M. Riviére,
Discontinuous Galerkin Methods for Solving Elliptic and Parabolic
Equations: Theory and Implementation, SIAM, 2008

=E(IFTHL.
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BRZEZRLUREWL,
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Lax—Milgram Theorem

e V: (real) Hilbert space  (-,-), |||
e V' the dual space of V' (the set of all bounded linear forms on V)

def. a(u,v)

e a: bilinear formon V x V, llall = < 00 bounded
uvev [[ull - [lv]]
Theorem LM
If
Ja > 0, a(v,v) > allv|? (veV),
then, for any L € V’, there exists a unique u € V s.t.
a(u,v) =L(v) (YveV).
1 L
Remark. lull < =IIL||v:- 1]y s sup L)
« veVv ||V|
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Applications
@ Poisson equation. —Au = f in Q C RY (bdd domain), u = 0 on 9.

V =HNQ), a(u, v)z/Vu-Vv dx, L(v):/ fv dx.
Q Q

® Diffusion—convection—reaction equations, Bi-Laplace equations, and many
© Galerkin approximation. V), C V: subspace, dim V,(~ h™9) < o

up € Vh, a(uh, Vh) = L(Vh) (Vvh € Vh).

Galerkin orthogonality a(uv — up, vi,) = 0 for all v, € Vj,.

Céa's lemma |u— up|| < — mf ||u Val|

allu— up|)® < a(u — up, u — up)
:a(U7Uh,U7 Vh)+a(U7uh, vhfuh) Vv, € V)

< lall - [l = unll - lu = vall-

34/46



Discontinuous Galerkin (DG) method

e Poisson equation. v € V, a(u,v)=1L(v) (YveYV).
e SIP-DG method. u, € Vj, ah(uh, Vh) = L(Vh) (VVh € Vh)

an(u,v) = Y (Vu, V) — D ((n- Vu), [V ze)

KeTy ecé&

=S A Do+ 3 el D

ec& ecé

35/46



Error analysis of DG method
e Poisson equation. v € V, a(u,v)=L(v) (YveV).
e SIP-DG method. u; € Vj, ah(uh, Vh) L( ) (VVh S Vh)

Difficulty. Vj, ¢ V (Vi = {v e L®Q)|v|r e PXT)VT} ¢ V = H(Q)).

Lemma
e (consistency) ap(u,vy) = L(vp) and  ap(u— up,ve) =0  (Yvy € V3).
o (boundedness) aM > 0, ah(wh, Vh) < M”WhHDG”VhHDG (VW;,, Vh € Vh)

o (coercivity) 3a >0,  an(vh, vi) > a||vnllBg  (Vvi € V).

Vi € Vi, allvh — unllbg < an(vh — un, vih — up)
= ah(vh — U, Vp — Vh) + ah(u — Up, Vp — Uh)

<M |lvi — ullpg - [[vh — vallDG-

M
Consequently, ||u — up|pa < (1 + ) inf ||u— vp|lpa-
« vRE V)
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PHOTO

Arthur Norton Milgram (1912-1961)

...... He made contributions in functional
analysis, combinatorics, differential

geometry, topology, partial differential
Peter Lax (1926-) in Tokyo, 1969 equations, and Galois theory. ....

https://en.wikipedia.org/wiki/Peter_Lax
https://en.wikipedia.org/wiki/Arthur_Milgram

P.D. Lax, A. N. Milgram, Parabolic equations,
Annals of Mathematics Studies 33 (1954) 167-190.

“The following theorem is a mild generalization of the Fréchet—Riesz Theorem
on the representation of bounded linear functionals in Hilbert space.”
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Associating operators with a(-, )
BNB theorem: (i) < (ii) < (iii).
(i) VLe W', Jlu € V st. a(u,w) = L(w) (Yw € W).

a(v,w)

(i) 36 >0, inf sup ———— =§; (BNB1)
veVuwew [vilviiwllw
weW, (VvevV, alv,w)=0) = (w=0). (BNB2)
a(v,w) a(v, w)

i) 38>0, infsup W nfsup 2" _ 5 (BNB3
(i) A AT (BNBS3)

Linear operators A: V — W' and A" : W — V'
w(Av, w)w = a(v, w) = v(v, A'w)y/ (veV, weWw).

Minimum modulus of A and A’

o AV wr ( llvilv )1 / - AWy
A) = inf = (su and A) = inf ———
HA =02 e = 38 Taviw, WA= el Tl

1 (A
et wlA) = M —— sup ALY _ e gy, A
vev vl wew  lIwllw veVuwew [vIlvwlw
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Proof of BNB

BNB Theorem (operator version): (i) < (ii) < (iii).
(i) A is bijective of V — W/';

(ii) u(A) >0 (BNB1), N(A)={0} (BNB2);

(iii) p(A) = pu(A’) > 0 (BNB3).

Remark. [|Av]w: = u(A)lvlv (e V), (AWl = u(A)lwlw (v e W)
(ii)<(iii) is easy:
* u(A) >0 = N(A)={0} = u(A) = IA" I v
o w(A) >0 = N(A) = {0} = u(A) = (A) v/ w
(i)<(ii) is not easy (for Banach case):
o u(A) >0« N(A)={0} and R(A) is closed ....Closed Graph Th (CGT) is used!!
e A: bijective <> N(A) = {0} and R(A) = W'

<= N(A) = {0}, R(A) closed, N (A" = R(A) = W'
....Closed Range Th (CRT) is used!!
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Proof of BNB: Alternate approach
Reduced minimum modulus of A and A’
. [Av]lw
YA = it St v N (A)
where disty (v, N'(A)) = infgenra) ||V — gllv.

N we AWl
and  (A) = inf distw (w, N (A"))’

Remark. N(A)={0} = distv(v,N(A)) = v|lv and v(A) = u(A).

Theorem
(1) v(A) > 0 < R(A) is closed; (1) v(A) = y(A).

Theorem was given by

[Kato58] Tosio Kato. Perturbation theory for nullity, deficiency and other quantities of
linear operators, J. Analyse Math., 6 261-322, 1958.

Remarks. (1) A might be (unbounded) linear closed operator and D(A) needs not be
densely defined.
(2) Closed Range Th for unbounded operators could be proved using (1) and (lI).

Introduction of «(A) was not originally Kato's idea. However, ....
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Proof of BNB: Alternate approach

R. G. Bartle stated in Mathematical Review: MR0107819 that

The author introduces a constant ~(A), called the lower bound of A, which is
defined to be the supremum of all numbers v > 0 such that ||Ax|| > ~v||X]|,

x € D(A), where X is the coset x + N(A) and ||X|| denotes the usual factor
space norm in X /N(A). Others have considered this constant before [cf. the
reviewer's note, Ann. Acad. Sci. Fenn. Ser A. I. no. 257 (1958); MR0104172],
but this reviewer is not aware of any previous systematic use of v(A).

Small Notes:

In [Kato58], he called ~(A) the lower bound of A.

Later, in his book ([Kato66, 76, 95] Perturbation theory...), he called y(A) the
reduced minimum modulus of A, following [Gindler & Taylor 62] where u(T) was
defined.

In [Kato58], he proved CRT for unbounded operators using ~y(A).

In [Kato66, 76, 95], CRT is stated as a corollary of more general theorem; see also
Brezis' book.
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S.-T. Kuroda
T. Kato, T. lkebe, H. Fujita, Y. Nakata

e

Tosio Kato (HNE# @K 1917-1999)

http://www.ms.u-tokyo.ac.jp/~shu/Kato-2017-Conference.html
http://www.kurims.kyoto-u.ac.jp/~kenkyubu/proj2017/RIMS-Research-Project.htm

e MathSciNet: 13,701 Google Scholar: 18,700

e Tosio Kato's Method and Principle for Evolution Eugtions in Mathematical Physics
(June 27-29, 2001, Sapporo)

e Tosio Kato Centennial Conference (Sep 4-8, 2017, Tokyo) Quantum Mechanics

B. Simon, Tosio Kato's Work on Non—Relativistic Quantum Mechanics,
arXiv:1711.00528  (Outline: arXiv:1710.06999)
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Tosio Kato and Numerical Analysis
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Tosio Kato and Numerical Analysis

o Kato—Temple formula for EVPs Kato 1949

e Approximation theory for T*T type operators
Kato 1953, Fujita 1955, Fujita 1956, Kato et al. 1957

e Estimation for ||A"||/p(A)" Kato 1960 (Numer. Math. 2)

e Stability of FDM (When is von Neumann Condition sufficient for the
stability?) Kato 1960, Richtmyer & Morton 1957

o Kato—Trotter formula ILm [S1(t/n)Sa(t/n)]" = S(t), where A= A; + Ay
Kato 1974 (linear), Kato & Masuda 1978 (nonlinear)

e Rational approximation of Cy semigroup Hersh & Kato 1979

e Indentity for projections: P # 0,/ and P> = P = ||l — P|| = ||P|| Kato 1960
See also Xu & Zikatanov 2003, Szyld 2006

e and many; “Perturbation theory” is closely related with Numerical Analysis.
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